A construction and algebraic characterization of two unbounded Apollonian Disk packings in the plane and the half-plane are presented. Both turn out to involve the golden ratio.
Introduction
We present two examples of unbounded Apollonian disk packings, one that fills a half-plane and one that fills the whole plane (see Figures 3 and 7) . Quite interestingly, both are related to the golden ratio. We start with a brief review of Apollonian disk packings, define "unbounded", and fix notation and terminology. The Apollonian disk packing is a fractal arrangement of disks such that any of its three mutually tangent disks determine it by recursivly inscribing new disks in the curvy-triangular spaces that emerge between the disks. In such a context, the three initial disks are called a seed of the packing. Figure 1 shows for two most popular examples: the "Apollonian Window" and the "Apollonian Belt". The numbers inside the circles represent their curvatures (reciprocals of the radii).
Note that the curvatures are integers; such arrangements are called integral Apollonian disk packings; they are classified and their properties are still studied [3, 5, 6] . Since much effort has been invested in the study of integral Apollonian packings because of their connections with number theory, one could possibly get the impression that they represent all types of configurations. Naïvely, the Apollonian Window seems bounded and the Apollonian Belt does not. But this is not so. Actually both arrangements cover the whole plane. This is because the most external circle in the Apollonian Window is the boundary of an infinite external disk; such a disk is considered to have negative radius (and curvature). Similarly, the two lines in the Apollonian belt are actually circles of zero curvature and they bound disks that are tantamount to two half-planes. They are tangent at infinity. And again, the whole plane is covered. Hence the definition:
Definition: An Apollonian packing is called unbounded if for any x ∈ R, it contains a disk with radius r satisfying x < r < ∞.
Note that packings like the ones in Figure 1 are not unbounded. The maximal radius in the first case is 1/2, and the maximal (finite) radius in the second case is 1.
Let us recall also a few facts concerning disks in the coordinated Euclidean plane E ∼ = R 2 . For a disk with center at (x, y) and radius r, we introduce "reduced coordinates"ẋ = x/r andẏ = y/r. The curvature is denoted by β = 1/r. Disks will be coded by symbols, formal fractions that are related to standard coordinates as follows:
The fourth term, γ, is the"co-curvature", which represents the curvature of the image of the disk under inversion in the unit circle. (It will not play a crucial role in these notes.) The symbol is a compact representation of a vector in the 4-dimensional linear space M ∼ = R 4 :
The space M is equipped with a (billinear) inner product defined for two disks D 1 and D 2 as the real number
In particular, two disks are tangent (externally) if
The norm of any disk is
(Note that this is sufficient to determine the value of the co-curvature γ without much ado.)
Four circles are in Descartes configuration if they are pairwise tangent to each other. In such a case their curvatures satisfy the Descartes formula:
This equation is part of an extended Descartes formula that has the following matrix form:
where
For a proof see [5, 2] . ( The proof in [2] is based on the concepts presented above.) Three mutually tangent circles may be complemented by a fourth circles to form a Descartes configuration in two ways. One may solve the quadratic equations (4), or the more general (5), to obtain these solutions:
The expressions forẏ and γ are analogous to these forẋ and β , respectively. The "±" captures both solutions to the problem -two possible constructions of the fourth disk.
Finally, a few comments on the golden means. We distinguish between the golden ratio ϕ and the golden cut τ:
Recall that ϕ = τ + 1, ϕτ = 1 and τ k = ϕ −k . The Fibonacci numbers are understood as a bilateral sequence (F i ) defined by F 0 = 0, F 1 = 1, and the recurrence F i+1 = F i + F i+1 . The labeling goes as follows:
One notices that F −n = (−1) n F n . The Fibonacci numbers are related to the golden means by a formula that is given here in two forms ϕ n = F n ϕ + F n−1 and τ n = (−1) n (F n+1 − F n+1 ϕ)
(The second formula results from the first under replacement n → −n and ϕ = 1 + τ.) 
Half-plane packing
An example of an unbounded Apollonian disk packing filling the upper half-plane is shown in Figure 3 .
Only the central zigzag chain of "golden disks" is displayed. The zigzag consists of a sequence of disks of diameters equal to the even powers of the golden ratio ϕ. Any three consecutive disks are mutually tangent and all are tangent to the horizontal line identified with the x-axis. The following proposition assures existence of such an arrangement.
Proposition 1:
The sequence D n of disks with symbols given by
provides an infinite skeleton for an Apollonian arrangement filling the upper half-plane with disks of arbitrarily large radius. Every three consecutive disks and the horizontal line y = 0 form a Descartes configuration. In particular, the following three disks 0, −1 0, 0 , 0, 1 2, 0 , 2ϕ, 1 2ϕ 2 , 2 may serve as a seed of this arrangement.
Proof: Applying the extended Descartes formula (5) for the four consecutive entries of the above terms would suffice. Or one may simply verify that each of the disk in the chain is tangent to the axis line and that any two consecutive, and step-2 consecutive, disks are mutually tangent:
The first condition, using the explicit expression for the inner product (1), may be written as . . . ϕ 6 , ϕ 4 , ϕ 2 , 1, τ 2 , τ 4 , τ 6 , τ 8 , . . . towards smaller disks x n = F n ϕ −n = F n τ n :
. . . 2ϕ 3 , −ϕ 2 , ϕ, 0, τ, τ 2 , 2τ 3 , 3τ 4 , . . . approaching 5 −1/2 (Index n runs from −∞ to +∞, from larger disks to smaller.) The unboundedness of the arrangement is thus evident. As we follow the sequence towards the smaller circles, the points of tangency to the axis line converge to the limit point:
Remark 1: By inversion one may bring the half-plane arrangement (8) into the interior of a disk. Two such images are shown in Figure 5 . The first (left), is obtained by inversion in a disk in the golden zigzag chain. The image of the two limit disks for n → ∞ and n → −∞ lie at the center (0, 0) and ( 2 √ 5 9 , 5 9 ), respectively. The second (right) arrangement can be obtained by inversion in a circle that is tangent to the horizontal axis line (y = 0) at the point x = 5 −1/2 and lies below it. The images of the limit disks are now at (0, 1) and at ( 
Apollonian disk packing that fills the whole plane
Suppose four circles form a spiral (see Figure 6 ) and their curvatures make a geometric sequence. Then such an arrangement can be prolonged to infinity (in both directions, inward and outward) providing a skeleton for an Apollonian disk arrangement that fills the whole plane! Figure 6 : The seed of the plane-filling arrangement Below, we inquire such a construction. Denote the curvatures of the four consecutive disks in the spiral by 1, p, p 2 and p 3 . Since they form a Descartes configuration, they must satisfy the Descartes formula (4):
This is a sixth-degree polynomial equation
Fortunately, it may be conveniently factorized:
Kepler's triangle where ϕ and τ are the golden ratio and golden cut, respectively. Hence we end up with the following six roots:
The only two real roots are mutual reciprocals:
Thus, effectively, we obtain a unique solution and may choose either of the two real roots (the option is a choice between increasing or decreasing order in the chain). Let us pick one and denote it as
The radii in the spiral are the consecutive powers of ρ ≈ 2.89. Next, we need to find the angle through which the spiral turns at every vertex. We get this result from the geometry of three consecutive mutually tangent disks (for instance ρ −1 = ϕ − √ ϕ, 1, ρ = ϕ + √ ϕ) by considering the triangle defined by their centers. With the help of basic trigonometry, one finds the turn, expressed here by a unit complex number:
Surprisingly, this "turn number" for the the spiral is also a root of the polynomial (10)! Note that ω is a unit complex number, ωω = 1; hence choosing the other, conjugated, root would only change the chirality of the disk spiral. The findings (13) and (14) imply that that the positions of the centers of the disks, understood as complex numbers , satisfy the recurrence:
Choosing z 0 = 0, we obtain z n = ∑ n k=0 z k , which -as a finite geometric series -may easily be algebraically reduced. Here is the result: Theorem 2: Let D n be a chain of disks in the complex plane C ∼ = R 2 , described below: radius: r n = ρ n ∈ R center:
where:
Then any quadruple of consecutive disks (D n , D n+1 , D n+2 , D n+3 ) forms a Descartes configuration. The disks form a spiral-like arrangement that may be completed to form an unbounded Apollonian disk packing that fills the whole plane with disks of positive curvatures.
Concluding remarks
The Apollonian gasket, understood as an arrangement of circles may or may not be bounded in the plane. But as an arrangement of disks, every Apollonian gasket fills the entire plane. This is because a disk with negative curvature is unbounded and fills the region outside the circle. Denote by C (A) the set of curvatures of an Apollonian packing A. Also, denote by A 0 ⊂ A the subset of disks of curvature 0.
Here is a list of the types of Apollonian disk packings that accounts for four visually different forms: The examples of type A and B are quite popular. The unbounded arrangements C and D are similar and the main difference between them is whether C (A) contains its inf C (A) .
Note that chains of disks with radii that form a geometric progression may be inscribed (and determined by) an angle, as in Figure 9 , left. The angle may be conveniently described by a right triangle. 
Proof: Use trigonometric identities for of doubling an angle. The first result is straightforward; the second, despite its simple appearance, requires somewhat tedious algebraic manipulations that are left to the reader as an exercise.
